The paper establishes the existence of a threshold value k p for which the following holds. In each factorization of an elementary p-group of rank less than or equal to k p into two Z -subsets at least one of the factors does not span the whole group. Further each elementary p-group of rank greater than k p admits factorization into two Z -subsets that both span the whole group. Then it will be shown that k p ≤ 11 for p ≥ 3.
Introduction
Let G be a finite abelian group with multiplicative notation. The identity element of G is denoted by e. We define the product of the subsets A 1 , . . . , A n of G by A 1 · · · A n = {a 1 · · · a n : a 1 ∈ A 1 , . . . , a n ∈ A n }.
Products A 1 · · · A n , where some of the factors A i is the empty set is not interesting and so we will assume that in a product the factors are non-empty subsets. We say that the product A 1 · · · A n is direct if each a ∈ A 1 · · · A n has a unique representation in the form a = a 1 · · · a n , a 1 ∈ A 1 , . . . , a n ∈ A n .
The case where a product A 1 · · · A n is direct and is equal to a subset B of G is called a factorization of B. The situation when a factor in a factorization contains only one element is not too interesting. However, this situation may occur in inductive arguments.
Let p be a prime and let t 1 , . . . , t n be powers of p such that t 1 ≥ 2, . . . , t n ≥ 2. If G is a direct product of cyclic groups of orders t 1 , . . . , t n , then we say that G is a finite abelian p-group. We call (t 1 , . . . , t n ) the type of G and we call n the rank of G. A group of type ( p, . . . , p), where p is a prime is called an elementary p-group.
A subset A of G is called normalized if e ∈ A. The smallest subgroup of G that contains A, that is, the span of A in G, is denoted by ⟨A⟩. The factorization G = A 1 · · · A n is called normalized if each A i is normalized. A normalized subset A of G is called a full-rank subset if ⟨A⟩ = G. A normalized factorization G = AB of G is called a full-rank factorization if both factors A and B are full-rank subsets.
Rédei [8] asked if each normalized factorization G = AB, where G is of type ( p, p, p), is full-rank. We say that a finite abelian group G has the Rédei property if G does not have any full-rank normalized factorization in the form G = AB.
The question which elementary 2-groups have the Rédei property was raised in [1] in connection with coding theory. (See also [4] .)Östergård and Vardy [7] solved this problem completely by showing that an elementary 2-group of rank k has the Rédei property if and only if k ≤ 9.Östergård and Szabó [6] have shown that an elementary 3-group of rank k has the Rédei property if and only if k ≤ 5. For a more extensive history of full-rank factorizations see [3] .
For an integer k and a subset A of G we define A k by
(Warning: A k does not mean the k-fold product A · · · A. Further, A k does not mean the k-fold Cartesian product A × · · · × A either.) We call a subset A of G a Z -subset if A k ⊂ A for each integer k. Obviously a Z -subset is always normalized. Clearly, a subset is a Z -subset if and only if it is a union of cyclic subgroups. A subset A of G is called periodic if there is an element g ∈ G \ {e} such that Ag = A. The factorization G = AB is called periodic if one of the factors A and B is periodic. The concept of Z -subset was introduced by C. Okuda [5] . He characterized all finite abelian groups that admit only periodic factorizations into two Z -subsets.
Note that each normalized subset of an elementary 2-group is a Z -subset. As an extension of the result ofÖstergård and Vardy we will consider factorizations of a finite elementary p-group into two Z -subsets and ask which groups admit full-rank factorizations. We will show that there is a threshold value k p with the following properties. An elementary p-group of rank less than or equal to k p does not have full-rank factorizations into two Z -subsets and each elementary p-group of rank greater than k p admits a full-rank factorization into two Z -subsets. We then will show that k p ≤ 11 for p ≥ 3. The proof will be constructive and based on the ideas of N. G. de Bruijn [2] .
The threshold value
The next lemma is about extending a factorization from a subgroup to the whole group. Lemma 1. Let p be a prime. Let G be a finite elementary p-group and let H be a subgroup of G with |G : H | = p. If H admits a full-rank factorization into two Z -subsets, then so does G.
Proof. Let G be a finite elementary p-group and let H be a subgroup of G such that |G : H | = p. Suppose that H = AB is a full-rank factorization of H , where A, B are Z -subsets. We want to show that G also has a full-rank factorization into two Z -subsets. Since |G : H | = p, there is an element x ∈ G such that G is the direct product of ⟨x⟩ and H . Since A, B are Z -subsets, there are elements a 1 , . . . , a r , b 1 , . . . , b s ∈ H \ {e} such that
First consider the case when both a 1 , . . . , a r and b 1 , . . . , b s form a basis for H . Now r = s and |H | = p r . From the factorization H = AB it follows that p t = |A| = r ( p − 1) + 1, p t = |B| = r ( p − 1) + 1. We get r = 2t. In the p = 2 case the left hand side of the equation p t = 2t ( p − 1) + 1 is even and the right hand side is odd. Thus we may assume that p ≥ 3. Writing the equation
we can see that p t−1 < 2t. Plotting the curves y = p t−1 and y = 2t one can see that p t−1 ≥ 2t for p ≥ 5, t ≥ 2. Thus we are left with the case when p = 3. Again plotting the curves y = 3 t , y = 4t + 1 we can see that the only positive solution of the equation 3 t = 4t + 1 is t = 2. By Theorem 2.3 of [9] , if H is of type (3, 3, 3, 3) , then H does not admit full-rank factorization into two normalized subsets.
Let us turn to the case when either a 1 , . . . , a r or b 1 , . . . , b s does not form a basis for H . We may assume that a 1 , . . . , a r is not a basis for H since this is only a matter of interchanging the factors A and B in the factorization H = AB. Since a 1 , . . . , a r spans H , it follows that a 1 , . . . , a r spans H after the removal of an appropriate element. We may assume that a 1 , . . . , a r −1 spans H since this is only a matter of rearranging the elements a 1 , . . . , a r . Set
It is clear that A 1 and B 1 are Z -subsets and further
The computation
shows that the product A 1 B 1 is equal to G. From the fact that the product is direct it follows that
Suppose the elementary p-group of rank k has a full-rank factorization into two Z -subsets. Then by Lemma 1, the elementary p-group of rank (k + 1) has a full-rank factorization into two Z -subsets. Continuing in this way we get that each elementary p-group of rank greater than or equal to k has full-rank factorization. Thus for each prime p, there is a rank k p such that elementary p-groups of rank at most k p do not have full-rank factorization into two Z -subsets and elementary p-groups with rank greater than k p do.
If a finite abelian group G admits only periodic factorizations into two Z -subsets, then we say that G has the Z -Hajós property. If G does not have full-rank factorization into two Z -subsets, then we say that G possesses the Z -Rédei property. In the G = {e} special case G has the Z -Hajós and Z -Rédei properties by definition. It is known from [5] that if a finite abelian p-group has the Z -Hajós property then so does each of its subgroups and factor groups. The next result helps to find a lower bound for k p .
Lemma 2. For finite abelian p-groups the Z -Hajós property implies the Z -Rédei property.
Proof. Let G be a finite abelian p-group and suppose that G has the Z -Hajós property. We claim that G has the Z -Rédei property. To prove the claim consider a factorization G = AB, where A, B are Z -subsets. We want to show that the factorization is not full-rank, that is, either ⟨A⟩ ̸ = G or ⟨B⟩ ̸ = G. If |G| = p, then from |G| = |A||B| we get that either |A| = p, |B| = 1 or |A| = 1, |B| = p. Since A, B are Z -subsets, it follows that A and B are subgroups of G and the factorization G = AB is not full-rank. We start an induction on the number of the (not necessarily distinct) prime factors of |G|.
As G has the Z -Hajós property, from the factorization G = AB we get that either A or B is periodic. We may assume that B is periodic. There is a subgroup H of G and a normalized subset C of B such that H ̸ = {e}, the product C H is direct and is equal to B. Therefore G = AC H is a normalized factorization of G. Considering the factor group G/H gives the factorization G/H = (AH )/H · (C H )/H , where
One can verify that (AH )/H and (C H )/H are Z -subsets of G/H . We know from [5] , that G/H has the Z -Hajós property. The inductive assumption now gives that either (AH )/H or (B H )/H does not span G/H . But in fact both (AH )/H and (C H )/H span G/H . Let us show that (AH )/H spans G/H . Since ⟨A⟩ = G, for each g ∈ G there are elements a 1 , . . . , a s ∈ A and integers r (1), . . . , r (s) such that g = a
Thus each element of G/H is in the span of (AH )/H . A similar argument shows that (C H )/H spans G/H .
The main result of [7] is that k 2 = 9. By [6] an elementary 3-group of rank at most 5 does not have full-rank factorization into normalized subsets. This gives k 3 ≥ 5. Okuda [5] has shown that finite abelian p-groups of rank at most 3 have the Z -Hajós property. So by Lemma 2, k p ≥ 3 for each prime p.
A construction
The following lemma provides an upper bound for k p . Namely we will get that k p ≤ 11 for each odd prime p.
Lemma 3. Let p be an odd prime and let G be an elementary p-group of rank 12. Then G has a full-rank factorization into two Z -subsets.
Proof. Let p be an odd prime and let G be a group of type ( p, . . . , p) with basis elements x 1,1 , . . . , x 1,4 , x 2,1 , . . . , x 2,4 , x 3,1 , . . . , x 3,4 .
In plain English A i is constructed from the subgroup H i by removing the subgroups ⟨x i,1 ⟩, ⟨x i,2 ⟩ and adding the subgroups ⟨x i,1 x i,3 ⟩, ⟨x i,2 x i,4 ⟩. The elements of H i and A i are the following.
As the product H i K i is direct and A i ⊂ H i K i , it follows that each a ∈ A i can be written uniquely in the form
Note that h runs over all the elements of H i as a ranges over the elements of A i . The routine computation
gives that the product A i K i is equal to H i K i . The cardinalities show that the product A i K i is direct and so the equation
prove that the product AK is equal to G. The cardinalities provide that in fact G = AK is a factorization of G.
We construct a subset B from the subgroup K by removing and adding elements. Let f be the cyclic permutation
We remove
In formula
Note that during the modification
The elements of the original and the modified K i K f (i) are the following.
We claim that
We prove one of these only since the others can be proved in a similar way. Considering the cardinalities gives that G = AB is a factorization of G. It is clear that A and B are Z -subsets. It remains to show that ⟨A⟩ = ⟨B⟩ = G.
To prove ⟨A⟩ = G, using (1) and (2), note that  H i \ ⟨x i,1 ⟩  \ ⟨x i,2 ⟩ spans H i as p ≥ 3. Consequently  H i \⟨x i,1 ⟩  \⟨x i,2 ⟩ ⊂ A i implies that x i,1 , x i,2 ∈ ⟨A i ⟩. Then ⟨x i,1 x i,3 ⟩, ⟨x i,2 x i,4 ⟩ ⊂ A i implies that x i,3 , x i,4 ∈ ⟨A i ⟩. Therefore x i,1 , . . . , x i,4 ∈ ⟨A i ⟩. As A 1 , A 2 , A 3 ⊂ A, it follows that ⟨A⟩ = G.
To prove ⟨B⟩ = G, using (3) and (4), observe that the span of
contains K i as p ≥ 3. Hence
implies x i,3 , x i,4 ∈ ⟨B⟩. Next ⟨x i,3 x f (i),1 ⟩, ⟨x i,4 x f (i),2 ⟩ ⊂ B implies that x f (i),1 , x f (i),2 ∈ ⟨B⟩. Thus ⟨B⟩ = G.
